)

W\

variable and x as dependent variable. In that case, the equation can be put in the form —— '+ Px= Q;-'.;,-‘-;;-

or y1+x%)= 1+ 2 (1+r2)dx+c

™ { ¥ %
z | £G i

' "'ATEXTBOOK OF ENGINEERING MATHEMATICS &

| Pdx 5 3

A 41?7‘““ 1. The factor e » on multiplying by which the LHS of the differential equatmn ;i
Eﬂomea the differential co-efficient of some function of x and y, is called an integrating factor of thg ey
ferential equation and is shortly written as L.F. s

Note 2. The solution of the linear equntihn! %ty— +Py=Q, where P and Q are functiuﬁ;‘?—“;_f:

of x only, is

where P and Q are functions of y (and not of x) or constants.

LF. (in this case) = ¢/*% , and the solution is
x(I.LF.) =/ Q. (LF.) dy + c.

Note 4. While evaluating the LF., it is very useful to remember that e'%/*) = flx). ¢ 8

Thus, ' Eln',’ = 32
Note 5. The co-efficient of -:—i , if not unity, must be made unity by dividin’& ““"ﬁ'
throughout by it. g {"”#
. 0
ol i esindia by ILLUSTRATIVE | EXAMPLES ™ R TR T
Example 1. Solve the following - . | ' T
dy : ji:
O (1+5%) == + 20y = 42? (i) :x_y = y tan x— 2 sin x.
i
Sol. (i) Given equation is 1+ 1:2) 2;_-,- . | fﬁi
Dividing throughout by 1 + 22, (to make the co-efficient of E‘-T- unity ) | '*"*;'
dx . L2 ,
dx  1+x2 7 1322 ) 2
It 1s of the form Q + Py.= Q | . | :-;
dx & T;,
2 HE
Here, . p=_2%_ Q=_2% 7
1+ x° 1+ x2 '
. ; y ax
.. | LF. = Ell’d: =e 1+x3 — Elng{1+x') =1 + 22

Hence the solution is

y. (I..F.) = J Q ..(I._F.) dx+c
'4::

!‘_ SIS Tl - _ . : 0
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LINEAR DIFFERENTIAL EQUATIONS OFITHE FIRST ORDER

or e ll - J’(1+x2)=_|.‘4x2dx+c4"f“"ff" :
or y(1 +-'¢2)—“—— +c.
- 3
1) Given equation i ay
(1 q ﬂIDHIBE—(tanx).yf—Zsinx.
It is of the form % +Py=Q
Here

=—tanx, Q=-2sinx
LF.= eJPd’ = e'“‘““"d‘ = g~ logcos x) .
=elgoex=cog x
Hence the solution is by

y (I'F') =.Jl Q . (IF.) dx+c )

or | ycnsx=j —2sinxcosxdx+c
T/ U S “}- - .. | =co82x
Ci £y =-j sin 2xdx+c=-————+¢
UV AR ;. 2

or %7 | 3 y cO8 x=4co82x+c.

=

Examljle 2. Solve the follnwmg' | e e 2
dy | : dy

(1) secx-—=y +sinx .. (:i)'xlgg:fa--_i-_-,o:z‘log.r E

dx ‘) ‘
. dy

Sol. (i) Given e?uatwn is sec x . gy YT sin x

dy
Dlvld.mg thrbughout by sec x, to'make the co-efficient of Et_ unity,

tl

g (cos'¥) . y = 8in x co8 X

d
It 18 of the form di + PJ’ Q

Here, P=-cosx, Q=sinxcosx

he e

I.F-I.= e'jplﬁ.‘ — El-m.‘ld‘t =E-|jn_r

Hence the solution is
y.(I.F)='IQ (I.F)dx+c

or L, y. e tns= Jslnxmsx e'"“dx+c=".te"dt+c,wharet-—mnx
-t -
=rf.’5-—'--'.|‘ l-e—d‘_+ﬂ=—t3"—e"+c
- = U‘ =—E4(t+1)+c=—f'i“‘(ginx+ D+ec
or Rt e s y=—(ﬂin:r+1)+ce‘i“"'.

A
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i e ﬁllh I.". : . d
RV ,(!:,l'-)’leen equation is x log x =2 y=2log x
SR dx

i ’Dividing throughout by x log x to make the co-efficient of % unity,

dy 1 2
-+ y=—.
dx xlogx x
. dy
It is of the form — + Py =
1S 0 dx y=Q
Here, — , Q=E
| x log x x
1 Vx
{ LF, = ¢/ P =1J."[""'l""”a!Jr =e l"“J""ﬂbr=¢=3"“'l"°'l-“’=ll:ig':m:
| Hence the solution is |
y.AF)= [ Q. AF)dx+c
| .
2
or | ylng'x=__j - logxdx+c | .
; . n g d.'C
T (log x)? Jif )" fx)
or 1 =21 —.1 de+c=2. +1
y log x I . - logx c 5  te =E(x)T; ne-1
or y log x = (log x)2 + c. nr

Example 3. Solve: x(x- 1)'% —(x-2)y=x3(2x-1).
Sol. Given equation is

2x-1) 2 — (z-2y=2@x-1)

dx
dy x=2 _32(2-1':1)
. dx  xx-D°  x-1
It is of the form iJl+Py§-.Q
dx .
T x-2 . 2P@x-D)
Here P T S
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,—W

The solution is

x -1 x2(2x-1) x-1
™ — — - p— — — + L
VT2 I -1 o dx+c_J(2x_1)dx+c xi—x+c

or yx—1) =22(x2 - x + ¢).

Example 4. Solve: x (1-x2) -:—i—- + (2x2 - 1)y =x3.

. e g d . :
Sol. Dividing by x(1 — x2) to make the co-efficient of = unity, the given equation

dx
becomes
dy 2x%2-1 x?
i 2y J ~ 2
dx x(1-x°%) 1-x
: dy |
It is of the form — +Py=Q
dx
| -2::2—1 x2
' P= : =
Here . 1= D) Q 2
| P__. 23:2 -1 _ 1+ 1 _ 1
Now | _-x(l—x)(1+x)_ x 21-x) 2(1+x)
[Partial fractions]
| | | 1 1 |
Jl de=—lﬂgx—'2—lﬂg(l—x)—alug(l + x) |
O =—lgx (-0 (1 + 0] '
=—lugl[:rJ1-x2]=lug(xJ1-xz)‘1 |
zJ1-x%)"! 1
I_F_=e[Pd’=e‘°‘” Ji-23)! _ 2
' le—x
The solution 18
2
1 = x - dx+c
7 12 '[1_12 xy1- 2’ d
1 2 9
= | (1-;2)3"2 dete=-5 [ 1-) % (29ds+c |
=__1_ | (1- x2)"V2 ..
2 _1
2
— y — 1 ' +C — .}'=I+EIJ1—-:¢2

which is the required solution.

4
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G -2Jx
L € dx
i . }Exam lE 5’- Sﬂlue: - y = 1.
B [ Jx ,/;J dy.

Sol. The given equation is

(E_zJ; \ dx

Ior ' Q:ehgﬂ—.y' -I r .i‘!.l.__l_y:e_z&
| di  Jx Jx O dx Jx Jx
It is of the form ay +Py=Q
dx
1 é-zﬁ
Here P=-—p =
J; y Q J;
| 1
P dx V2
| % R - Ll Y
: ~. Hence the solutionis - - |
i . -2Jx . -
[ Y. 62"; =I E,J_ . EzJ; dx+ c
- | x
} . or | - 2'/- I dx+c
l or 2‘!_ = 2\/_ +c¢ or y'— e-zJ_ (2J_ + .;-) 0P

= . .‘ -"ll—‘

Equations of the Form E; + Px=Q where P and Q are functions of y only.

Example 6. Solve the follawihg:'

() (1 +92) + (x -e'ﬂ""f)g.il =0

Sol. (i) The gi}ren equation is

(i) (2x — 10y%) % +y=0.

_ "
+ y4) + _etan Yy == =
(1+y9)+ (x =
dx tan~! :
; 14y9) —+x—-e" 7 =0 i
or (1+y°) dy 3
de 1 glen””
or ' -+ g X< 2 114
| dy 1+y°- 1+y i
It is of the form & +Px=Q | .
- ;
e 14y T _tanTly i
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. The solution ig | - N
tan-1 tﬂﬂ_ly :
x.e " y:j € ___”et.un-lyd .o W, 3 o
1"‘.')’2 | y+c“‘[e’-€'dt+c where.f.:tan"ly -
|
— 21
JE d"'+c!=‘é'92'+c
tan~! 3

(i) The given equation is (2x— 10y3) % 4 , = ¢ .

| b ) - dx
or - - o ) "%-*..2;_10‘)’3*:0 or %+%x=10y2 |
It is of the form . :x + Px = Q » ‘
I*I.F.;-léfpd’:ej}%dy = e2logy = lo8Y" _ )2
The solutionis =~ J:y2|=‘|. 10y?2 yzdy+cl= 10_[ ytdy+c
or  avgyt ="-"’103’5--|-.c=2y5+c

- —g %:E R vy 2 %Hmhﬁui- .
3. %+ymnx=éeq} : fll | 4.(1+x2):j% +2.1y=c§3;r
5. %"'i:iil‘ + . G.(x+l)%—ny=.e’(x+1)ﬂ+l
7. cnsﬂx% +y=tanx | 8. (1 +x% % +1y=tan“x.
9, %+%'y=ﬁ given that y =0 when x =1
10. Ei'jf'+23,'1;.<sm::::=l-:uin:n:giw.nmtlu_lt_'w:Iilnw.i'l-urezn:u:=E
dx 3
11, I%T2y=xﬂlngx - J 12, %+}‘Eﬂﬂx=ﬂin2x Y
13. %=x(x2-2y) f .M.ain;% +ycosx=2sgin2xcosx’
15. (l—x"i%+xyéﬁ"'* . i lﬁ-ﬂx‘l)j—i‘—ﬁﬁ(x—l)’

il
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i it % S . . d P
17. y‘dx—xdy+lu..glaq.r:i,_a£_,.(}_lh j - 18, d_i' +_2ycutx=312cuseczx
o dy | | p
o nn oy e E s
21. (1+y%)dx=(tan™y—-x)dy 22. ¥ dx+ (1 + xe”) dy =0
23. gy t2x=6e 24. 2y + 4y =22 —x
" i geldy = 2x + 22 cot
25. y —2y=cos 3x o e gl "26 T +ycot x=2x cot x
l+xlogx | ; ;'*f: ;;j': b l; -
27. y+y= - £ , G s 28. xy —y=(x-1) €
Answers
1 :.3'=lx‘+c' : -2.y(aecx+tanx)=secx+tanx-x+c
3. y=sinx+ccosx | , 4.y1+x)=sinx+c
=log (x+ 1) +c . B.y=(x+ 1) (€ +0)
5. ~1 log(x+1)+c b e f y | )
7 y=tan:::-—1+be‘““ ‘ Bj.y=tan"1x—1+ce“““
9. y(x*+ 1)=taﬂ'1""':% INEL v I-lg'y?mﬂ#_zqmzx |
x‘ :‘ ; ' q —8in x
11. = —lugx‘—l—s-l:c Lt - 12, y:=2(8inx - 1) + ce |
2 | . -z’ Ay 14. ysin x = 2 sind x+ ¢
13. y=§(x2—1)+ce ‘. .y 8l x—3
16 =n+c\/1-.x2 . | 16. y = 1—1 x3+c
Y x /L3
. 17. y+1+logx=cx 18. ysinfx=x3+¢
19. y=tanx+cytanx . 20, x = y° + cy
2]1. x=tan'y-1+ ce™n 'Y . 22, xe'ty=c
1 .
23. x=2¢ +ce¥ | 24.y= 7 .(:u:— 1)2 + ce % %
25. y:i%(SﬂianézanBx)ft;e” | 26. ysinx=x"sinx+c "
- 21. y=lﬂ§x+ff" . 28, y=e*+cx e ;

" ;'-.’i:

| /%
|
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M-7.31

BERNOULLI'S EQUATION
(Equations Reducible to the Linear Form)

o
23 " TO SOLVE THE EQUATION - + py = Qy", WHERE P AND Q ARE FUNCTIONS
OF x ONLY ax -

— M e __—_—_—

. . . dy K
The given equa_tlu.n is Ic + Py = Qy» ...(2)

Dividing both sides of (i) by y", to make the RHS a function of x only.
dy ', | |
| o Yt o, PPyl by ' SR (1)
Put y'™ =2z then | | |
dy dz. dy . 1 dz
(1 —-n). —_——— .y - — =
AE A =il L S A ol pere
(i) becomes . 1= % pr=Q
1 1-n dx 2=Q AT
or - %-+(1 n). Pz (1-n) Q.
which is a linear equatlon in 2 and can be solved.
In the solutm-n puttmg z= yl"“ we get the required solution.
_. ‘i
H | ~ 2
: o : e g dy 'y _ Yy
‘ Sol. Th ' tionis © 2. ——==== "
; _ The given equa _ “Ox ix &l
Dividing throughout by y? 2",
- dy 1 1
2.5 _ = l= —
2 T | o Y 2 ! (¥)
Put y'=2z then .. - "f % = _:z;
" (i) becomes 1'
" dz 1 1 dz 1
—_————2= — —_— — 5 = 1
] de x 2 O dxlag?TC x>
Which is linear in z. |
' 1 1
P=-—,Q=-—;
; i 2x !_Q 2x2;
"4 e !jlﬁ'"l' -1' o0g x
! ILF.=e ax = g2 -elng'\{; - J_
{ r; ' &
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M-7.32

—_

| . — 1
~. The solution is z.+x =j - —2-—5‘ Jx dx+c
X .

Jx 1
or ‘ y“J:—r;--l—J' x V2 dx + ¢ or 7='j;‘+ﬂ
or x=y(1+c J_)
Example 2. Solve the following :
I e’ “dy x
= 1) — =X .
(l) dx o2 | | @)~ +7_— 37 Y
y
Sol. (i) The given equation 18 ﬁ + i = L2
dx x x°
Dividing throughout by e*
dy dy 1 1
ey —=— + ¢ —=— -+
dx = © dx x  x2 ' )
dy dz |
Put e™ = 2, then —e” E,}’ Te
. () becomes
dz_l_z 1 1. or dz 1 L = 1
. _ U< S== e L ==
I dx x x° | dx x x?
which i1s linearinz. "~ - P=-—,Q=-—%
X M
1 1 £
| 1——dx - log —
I.LF ='ej' x =¢=1*"°EJ"’—¢=."tlg =1 .
, :
The solution is z e = I R dx +c :
X xz X
1 1 1_ 1 g
or Y — = e — — - |
e B J. 3 dx+c or EJ';—@H@‘ :
or 2x = & + 2cx2e” e
d)’ X
(1) The given equation i - s
q 18 —— dx T Y=X 4y i
Dividing throughout by [y, ’
dy X
e = 4 1/2 — %0
Put y'2 = z; then 1 y Ve, dy _dz .- Eﬁd:
. (1) becomes v 1
dz X . |
2.— + 2 .ZI,=‘x or E-}- X z:i
dr  1-x dx  2(1-2%) 2 \
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which is linear in 2. . _ Q=X
2(1-x°) 2
X dx _1r -2x dx
IF_EIZII x?) = 4‘[1_,1 | Note
1
_ E-Ilng{l—: ]—EI g (1- x3)"Vs _ (1 I‘Z)-IH

The solutionis 2. (1 - x%)-114 = j -’;— (1- x'*’)‘”“ dx+c

or J;.(l—z'z)"f'4=—%-_[ -2x(1-x)Mdx+c
or J} .(1—::2)"".'""--1- (L_xz)m .

, 4 I
or | oy = —"'—"(1 1‘2) +o(1 - 22,

Example 3. Solve: (x2y%+xy)dy = dx
Sol. The given equation is (x2y3 + xy)dy =dx

. dx
or . .. , = +
AL dy ,xzya ¥ g
i S dx . i *_ dx
or | — — xy = 123 hasd -
Dividing throughout by x2 ; .
: 2 ML S—— x-l — _ T -
% y=y . o . . (f)
dx dz
Put x~ | z, then xXé 3y~ dy
" (1) becomes .
v dz dz .
—_——— — . or - , — Y T =
- ay ‘zy yﬂ _' dy y2=-y
which is linear in z. - P=yQ=- i

~. The solution is 2z, e”z-": = Jl -y3. eV g dy + ¢
or | 1. pV2y = I y? .'jf.evz-"'"dy +.C

=—J. 2teldt+ﬂ', wheret=%y2 |

D.I' x—l 4 Elfﬂ_r’ = — 2¢! (t _ 1) +c I.f'

ox - 2. V2 =2V (4 42 1)+c or *.".x-1=_y2+2+ce"”2y’
Example 4. Sulue the fn!luwmg

dy , | | :
@) (= + 1) E +1=2e7 [ (if) % = e* (e* - o) *‘H
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i 12 . e A dy
. Sol. (i) The given equation is (x + 1) -~ + 1 = 2¢7
i dy . 1 2e”
gl ' - dx x+1 =x+1 j
' dy 1§ 2 ‘.
0 e, —+ = . ;
g dx x+1 | & x+1 ()
Put & = z, then ey_glziiz_ g ';
dx dx
dz 1 2
Fro L — 4 = ——
m ) de  x+1°° x+1
hich is linear i P=
P aFTSEA ATy
1

~. The solution is - z(x+1) J.—'(x+1)dx+r:

— e e e

or &.(x+1)=2x+c. |
(21) The given equation is

*:d_‘:_-e."‘j-(e;:;’)' ‘_.nr L 2 gy _ e

or —— tef=e¥* eV or e’.'—y+e’.e?=e7-‘ v.(2)
Pute?=z,then @ &.—/—=—" ﬂ

. (i) becomes —+e’.é;eh' .

“which is linearinz. P=¢* Q=e2

.'_l-_'---'_.

.. The solutionis =z, e° =J.E'2x-_ e dx+c
or | ‘5‘-""'-e!'*’r=j£"‘.¢-':’"..¢a"lI dx+c - el
=Jte'df+c, where t = ¢*
‘ =el(t-1)+c

oF - @.e* =e (e*—1)tc or =€ —1+ce*.

dy
Example 5. Solve:. de +(2x tan-lvy - 1'?)(1 +y9) =0, & =

- Sol. The given equatwn is

— + -
or B'dx,.zxt“nl-}"‘f’-‘-o
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M-7.35

dy
or : + 2x tan~!
1757 dx xtan-!y =3 (1)
Put tan™! y = z, then ] i}_'_ziz_
- 1+y2 dx dx .
From (i dz
rom (i), I F2xz=2
which is linear in z. P=2x Q=4 j
LF. = o/ 2xdr _ ¢*°
. The solution is z.e~ =I 3 e dxi.l. a
or tan“ly.ﬂxi=lj 2:: x'zﬂ‘tj dx+c
=1.1,-J- te!dt +c, wheret=x2
=det(t-1)+c
or 464 T Jony tan=! y-. e* 2_ e* (x2-1)+c
or o | l'.ﬂn“y=-l(:lr:'2 1) +ce * .
Example 6. Salve the followmg differential equatwns /
| dy [
() (xgy2+xy)dx dy (::)Ex-+ylﬂgj"‘ 5 (log y)* !
Sol. (i) The gwen equation is (r'f'ﬁ+xy)dx dy .
- dy | .dy s !
b — Ty “y. — SESY
or ; | dx 1;.‘)'2 Xy ~ or  dx Lx.‘)’ 133'2
Dlvldmg both aldes by 2, '&—i'-xy‘ =2 ...(£)
_ 2dy dz ’
Put y'=2zthen - ' Y e - dx
~. (i) becomes- Efxz=13 or E+x==—:3
which is linear in z. P_= X, Q=-x* '
LF.=el*% =¢? .
| - . x? = x*
- The solutionis  z.e? =I -x.e? d1+0=—_[ x*.xe2:dx+c \
: | T
r == 2tef dt+ec, wheret=?
° : -.m=—J.2té‘dt+c=—2e‘(t—1)+c
x? x? 2
yl.e2 =-2e? -1+ 2
AT -\ 2 . ’
_ Y
or e J"l=—'12+2+ﬂe-—f

(i7) The given equation is I dx Y X lug y= ..x_ (log y)2
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which is linear in z and can be solved.

or - f0).-(LF)=[Q . (LF) dx + ¢

ey » —
| .%l ing bnlh sides by y (lug y)2 we get '

1 dy 1 1 1
— . — + T E— __.(;')
ylogy)* dx logy x « - | .
1 o |
Put = (log y)1 = 2, then — (log y)-2 1 dy =_9_’f__
log y y de - drx
| y(log y)? dx  dx -. )
d2 . 1 1 dz 1 1
From I':), -t —E — —_——— = —
( dx - :l:=:r2 or dx x° x2
which is linear in 2. P'=._1,Q=I__1_
x x2
I—ldx -1 1
LF.=¢" =z =g l8x_plgx" = 1 = f
x ]
. .y 1 1 1 - _i
. The solution is z.-—=J-—-?.—dx+c i
X X . x _1
1 x 2 |
o g B - X
r z. - I x3dex+c=- - + ¢
or el
logy "x 222 7¢O 1y = tex

Example 7. Show how to sulue an equation of the form

f’ (y) = 4 Pf(y) = Q where P Q are functions of x only. i
Sol. (a) The given equatmn is ﬁ%
dy | Gt
['0) G + Pfiy) =
where P, Q are functions of x only. 42 5
5
d dz ¥
Put f(y) = z, then '(v) 22 = — #ak
: dz
. (t) becom - - |
) - ‘ dx T Pz2=Q |

LF.= /P and the solution is
2(LF)=[Q.(I.F)dx+e

_Example 8 LSol ve the f?”ﬂwing differential equations:

I
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(f)(x+1)‘&x‘z+1=ex-y

Sol. () The given equation s '

Ei = b 'i: : | ¥ .
. - e dy . _
it E'y or eydx x+1 x+1 .._(f)
Putting e” =250 that dy _dz
, dx dx ;
o -
(1) becomes’ _‘1*'-'_ 2 e*
dx : J'x+1' x+1
which is linear in z with P= 1. __€
x+1 ’ x+1
. L ds
I ..._,I;F-;__Efpdx:EI x+1 =elng(.t+l} =+ 1

X

The solﬁtion 18 z(x+1) =J :" T (x+ 1) dx+c or &(x+1)= e"+.c.

(if) The given equation is .

dy :
.... dx_y anx—-—y secx_

or - iz . _d_y +—1- tan x=ise_c x e | | ...(1)
1 1 dy _dz Che T L |
Pul;tmg;—zsot;hasnt—y2 % dx | -
: !
. ; s — +ztanx=secx
: Equ?tlon (1) becomes dx :
which is linear in z with.. - P=tanx, Q=secx
I.F.=Ejpdr ]tur+1:rd.t Ingm:_secx
. The solution is z. Eéq x= J. secx . secxdx +c :
| | P
' . . 1 . i ' i
or 1 gecx=tanx+c or —=sinx+ccosx. f .
y y T P42

ot el IWF e & i |l PU pAgpaly
ﬁ CUEE ”’J? i xgg Y
Jrpe T L.i" 'ﬁ‘u ) g M r:’-u&: g ¥ ‘I!?]tﬁ.a.t e

Snfue the fﬂllﬂwmg dlfferentml Equﬂuﬂﬂﬂ

e 4y .y | A 9 o =2
l, —+= = e Y TyY=Yy
| dx x --_l" B “- .

dy o - - Ay,

r &
L] _._'r' ] .
. ; Z
b 5 & i
f o i
» r .
ll '] __. a .ﬂ'.
, f it A0 ..
T AT | ' . i il |
¥ A4 e.g_ . it
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11.

13.

13.

17.

19.

11.

13

'16.

17.

19.

— 2y tan x = y2 tan? x

i
] "
L]

dy
dx
(x-yd) dx+2xydy—-0

+ x 8in 23,' = x7 cos?y

ATEXTBOOK OF ENGINEERING MATHEMAﬁggJ;’

dy

Gxdx

+_1w=:!::3_j.r4

B. (ylogx—-1)ydx=xdy

| dy tany
dx 1+x
12. cos x dy = y(sin x — y) dx

10.

16. (xy — 2% log %) dy = 2y dx

18. y (2xy + €9 dx = ey

20. sin y ji

- -Answers

tﬁll_y= -'21-(1'2 —1)+;'.'E-:"

y2=x(c- logx)

b 4
yi,e" =2x+c

1
e**? =—e% +c

l=—l(lﬂgx)£ +CX
2. .3

.F'Fr

Y

) B A1 |
—— =-x8lnX¥—CosXx+tc
xy

. 6 |
4.y2(x+ 1)2 = z_+ +

Ux'y dx - x2y dy =

6 o 4

yi =—3.r310gx+c:r3
1
y

8. — slogx+1+cx

| __1'0..&ir_1y =(1+x)(e*+0¢)

1 ; .
12. ; =sinx+c<cos ¢

1
)
2x%ex’ + cx2

2

lﬂ. h lng_x-;ﬂ "?;i' +c

14, 3y% =

18. ¢* = y(c — x¥)

e -

20.secy=x+ 1+ ce*

=(1+x)e*secy

0

cnay(l-xcuay)_
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| WEUSTRATIVE EXAMPLES

| 2
Example 1. Solve: x? (iil) + xy-j—i— - 6y° = (.

dx
Sol. The given equation is x2p2 + xyp — 6y°=0 where p = %
F‘HCtﬂriSing. o A0 (xp + P‘}l) (xp _23’) = 0
= xp+3y=0  or xp-2y=0
Now, . | | xp+3y=0 -
WE X | . R d ; '

= x'—z'-+3y='0 or iy—+3—':£'t—=0

T Y %
Integrating, logy+3logx=logec or By=c
Also, . xp-2y=0

o d -

de 7~ Y. y x |

Integrﬁﬁng, ~ log y -2 loé x - lng C or —J;— =c nf y = cex?
. ' x

. The general solution of the given equation is (x3y — ¢) (y — ex2) = 0.

Example 2. Solve xyp? + p(3x% 5 2y2) — 6xy = 0.
Sol. Solving the given equation for p, we have

= =B ;.'2_3'2) £ J(—?’xz - 2y%)2 -;243:2_?2

P , ‘ . 2xy B
_ 2y" -3x%)+(32% +2y%) 9y 3x
ny . P .DI‘ -'JT-
Now, p'—‘-zl = i—:-zl- ‘or iy__?_dﬁ =0
x dx x y x |
Integrating, log y — 2 logx=logc or -:% =c 'f:)r y = cx?
N .
3x dy 3x |
AJ.SU, ——_—— = e or dv + —
y de > yay + 3xdx=0

2 2
Integrating_ 12- + -3—;-_ =C or _y2 +3x2=¢

. The genery] solution of the given equation is (y — cx?) (Y% + 322 — c)=0.

Sol. The given equation can be written as (p +y cot x)* = y% (1 + cot? x)
| P¥ycotx=1y cosec x

. The component “Quationg gye

P=y(-cotx+ cosec X)
P=y (-~ cot X — cosecC X)

__" 'ATEXTBOOK OF ENGINEERING MATHEMATiCSR
_—_—-——-—_—“

¥ ¥ B oad
" L5 Wi |

i F L &
A I‘?'f“:
] X :-"\'?_.
i -f‘:.r}'.l"

_-

' b
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01 Y - (— cotx"'CUSEC x) dx :--r R
7, f1;5 ':

L | “v i ‘#1;-*# ke I d II
= : : \ x ~utiriverpo ctan -0t in
log y — log sin x + log tan — + log ¢ = log
DR p vk sinpx;;i :

Integrating,

O 1 | y'-: _ —
- A [ x

T y(l + COS x): c, N | "

From (2),

dy  cot :

© . dx } 3' j__,co x—cosec x) .
dy

T | _ | _y_ = (- cot x — cosec x) dx

‘ i "
L {

]I'lt[_lgl-at.ing’_ " log y=-— lOg 'Bin x— lng tan _g + ].Og Cc= lﬁg

F..
L L

C

. x
Sin x tan —
P f 2

C l._ A C . e - : )
T Y= — v e or y(l1-cosx)=c
2m2§ —C?EI_.

. The general solution bf the’-éiven' equafion is
[y(1 + cos x) = ¢] [y(1 —cos'x) =c] =0.

A , ! ' ¥ . .

by i ; L 1 - - . & - 5. - | ¢
iy g TobRE ‘?“"""““f'""’“ MR KN VLEDGE. TR
[} .;.‘":r'_q .1_ I:"';,. _‘-:.1 Id‘qii‘.‘? j fﬁg; "':'L:-‘ .o R! Now ] EDGE' ; - _:‘-.r & Frr r.'f- ‘l‘hr.-l:-_:" . "'..i_ -I- s r‘h. '

y - J "I E » > Kol - . - L'. " 'J ’u X '} '] L - 1 r : ". L ..J. 'p' .l' . J

SAE i’ﬂﬁ"i’.ﬁ_"k','-;i?;-it;fn.'.';?.rrf:r. LAY vy -;.u.‘tm?-*-u'-ﬂ-f" e e e e T &Y IRt i 8

Solve the following equations: .

L p> -7p+12=0

3. i+ (x—y)p-x=0 -

5. 9 _dx_x _ ¥

d« dy y x

. Po+y)=x(x+)) sy B..,43'2ﬂ.’;!-,9p.1} Gx+1)+33=0, -
"% Anﬂwersh " o '.hii" : 0 el

et
"
-

‘ | | Vel A B :“"_“ i S
1.. (_y__4x_c)(y_lax_c).g_¢ 2. (yﬂ —_x’,‘-_-c)(r-cx)-:g - 3. (j;'*—'x-‘-f'és"“x“+y?'-c}=0 .
(- a2y - =0 . 5. (7~ "3 -0)=0 g, (y_ i) (y-e¥-0) =0
‘ 7 K |
: 1~ —1)=0 ‘8. (2 +x3- -}.. 2 ‘r’ '
L omgpr@oeate D70 BN I R0y

(% Scanned with OKEN Scanner

",ﬂ"




e i i w— -

-
]

- ——
e

- awe——y

.'- -Irr‘q:f:' ST ' '
1 #

.ﬁ’r

M-7.42 ' AR

3.3

the equations of this type can be put ns y =/ (%, p)

or

or

or

or

] OIr

or

£
‘These two relations together constitute the solution of the given equatlon vn hpg
parameter. - |

{f .o T 4 = 1
Rk ATEXTBOOK OF ENGINEERING MATHE , |

] "I- | :'i .f -
EQUATIONS SOLVABLE FORy - i

i . '-i

If the equation is solvable for y, we can express y explicitly in terms of x ﬂndp 1 El.l

o

| o y dp
Differentinting (1) w.r.t. x, we get dx =P 1% P g dx

Equation (2) is'a differentinl equation nf first order in p and x.

Suppose the solution of (2) is ¢(x, p, €) = .

Now climination of p from (1) and (3) gives tl @ required solution. )
If p cannot be easily climinated, then we solve equations (1) and (3) for x Elﬂd

x=¢,(c)y= ¢, (1, C)

T

i ILLU_STRATIVE EXAMPLES
Example 1. Solve y + px = xp?.
Sol. Given equation is y = — px + x%p? ()
Differentiating both sides w.it. X, G

d\_ dp dap. 44
—=p=ip-x— + 2+ — .08
| dp dp IS
op+x P _ dp)_ %
p+x—- 2px3 (2p +x dx] 0 s,
d - | * - | oy
(2}? + I—p) (1-2px*)=0 £
. | . h
Discarding the factor (1 - 2Px3). which dnes' not involve -3% , we have '§
dp dp  _dx | T
2p+xa~-0 or p +2_x__0 | ”
Integrating, logp +2log x=logc | . 38 {
log px'z’ = log ¢ ‘ gty
p.t“ c .= p= c %
| _ x*
Putting this value of pin (lf). we have y = - % + c2, ' '

Example 2. Solve y = 2px - p?,
Sol. The given equntmn 18 y 2px — p

dy - dp d
leferentlﬂtmg both side —_— = 2p + 2x op _ D
w". | 8 w.r.t. x'dx P P dx 2pit
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5FFERENTIAL EQUATIONS OF THE FIRST ORDER'AND HIGHER DEGREE M-7.43

e eeeeeeeee——

dx 2 s - ',
ﬂr — + — x = 2 | T :
dp p 1 (2)

which is a linear equation. ’ |
r 21
I.F.'—'E p =0 ﬂﬂp=p2

- The solution of (2)is xI.F. = jzl.P‘.fi;; +e

or . xp? = I2p'~’dp_ + ¢
L, 2 | 2
or xp? = 3 pl+c or x= a Pt cp? % ..(3) .

Putting this value of x in (1), we have y=2p (—z—-p + cp'zi] - p?

' 1
or y=3 p*+2cpl. ..(4)

Equatiolns' (3) and: (4) together constitute the general solution of (1).

] - oy - - L
£ Y b s LT R IS SR v R e S v 1) P o BT £ PRy TN TSR VA P S man o 0 Ay

T i T L P N K st o ot LR AR al - ero i § . e
e 1 ¥ L] ¥ . W a2 i - ¢
» hill? P = i ’ "
I e SRS P OUR KNOWLEDGE‘ i e G NG-ear Liodd
; L. -_.‘:l!_ A 1-& f‘ 'lq’_"'.. ;_ :.'H. . -_'j-.-" sl I a¥t -I,:. w 1 o ¥
r s N e O il i g S PR TR W R F R TP T R R S R SR | o , - ! |

Ty “l’ll"'ﬁq,v.

- Solve the following equdt.ions:

1. xp*-2yp+ax=0 2. y— 2px = tan™! (xp?) 3. 16x2 + 2p%y - pPx=0
- 4. y=x+2tanlp 5. y=3x+logp . 6.‘ x-—yp=up2_ : /
r' 4 :
| dy dy _ - 2
1. ::-2[— r2r P _y=0. . .8.y=2px-x
, dx) dx 7 ST TEETEN
) 3 ]
. — | ~ Answers - ‘
‘.-" . . ’ .
L 29y=e2+ 2 2. y=24ex + tan ¢ 3. 16 + 2c%y— 2= 0
. . ) :
4. x=log p-1 _tanlp+ec, y=log ‘D;1 +tan~!p+ec 5. y=3x+ log qa_t
p . 1 P2 ' =2+ 2cx
6. (c+asin p),y= (c + a sin™* p) — ap. T.vy=c+ 2{cx.

=
Jl—pz : 1...'P2 7 : 8
8. y=2Jex —c. |

34 EQUATIONS SOLVABLE FOR x

If the equation is solvable f::;r x,'we can express x explicitly in terms of y a_nd p. Thus,
.th‘* equations of this type can be put as x = f(y, p) | ..(1)

. . dx l B F dp A
Differentiating (1) w.r.t. y, we get H_y- = o =y P.E; f _ ..(2)

Equation (2) is a differential equation of first order in p and y."} :

Suppose the solution of (2) is ¢ 0, p,c)=0
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ﬁﬁw elimination of p frﬂm (1) and (3) gives the required solution.

(3) for x and y

. [f‘p ca nnnl be enmly Ellh‘llnntutl then we solve equations (1) and
- get _
=0, (0, ),y =0, (P, 0 ” g
These two mlnlmnh tnguther constitute the solution of the gwen equation with p a‘ ﬁ'
parameter. fi
oot e Tt T . 2
ILLUSTRATIVE EXAMPLES . . . .. &)
Example 1. Solve y = 2px + y°p’. .
Sol. Solving for x, we have x= E[%_ yzpz] 4‘
Differentiating both sides w.r.t. y ;: ‘
ix..=_1_=l _]'___.}Lz.c_ig_2yp2—2y2pd—p ;
: dy p 2(p p° dy Y 7
| P - & . 2
| P 4 2 3
2p=p-y—=-2yp" -2 —
" : - ' P=PTY dy yP i ﬂ,tf.‘r'-..: - é
' ) dp 3 dp _ dp .
- or - p+2yp"+yd + 2y%p® By =0. or p(1+2yp3)+yd (1+23*p) 0.
| dp | | | | -8
- or (p+y ](1+2yp3) 0 4
dy ’ '
~ Discarding the factor (1 + 2yp3) which does not involve 3}3 . we have’ : *"
| g
p+y£=0 or ﬂ’-+£‘E =0 3
@ y B . J
Integl;ﬂting, ]ﬂg y -4 lugp — ]ﬂg C. Or, py= ﬂ' or p= E " 1%
y 'E
Puttmg this value uf pin the gwan equation, we have ‘ :,
; S L 2x ¢ 2 -'-;"
| . J’E.'} + or. y“=2¢cx+ ¢° &
~ which is the required solution, X "
Example 2- Sﬂlﬂﬂp = {an [x -— P "l '
1+p? )
Sol. Solving for x, we have x = tan~! p+ 1 +p
/14 p*
Differentiating b“ﬁh}g‘.dﬂﬂ wrt.y,
o1 1 (1+p2) -2p% dp
dy’ P 14 p’ @ a +Y:’12 dy
- %7 il e - .
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DIFFERENTIAL EQUATIONS.OF THE FIRST-ORDER AND HIGHER DEGREE

or - f P (1+p£)2: dy A+ p2)? dp

3 11 5 o %)
qu\t ons(l) and (2) together constitute the general solution.

' )53 /TEST YOUR KNOWLEDGE
vl _l v * ) ¥ ll : I.. ‘:1*_‘.:.-:;'." Ey .':J'f.- .
Solve the folot :np'equﬂtmns R pL

1. ¥= 3:'-"””; ) P . 2. y=2px+ ply

4. y%log y = xyp + p?
6. x=y+p?

- o  Answers B L i Al
1. _1'3=:1'¢‘ " 2-.}"""-_-.2£:f+c2* | 3. 64y'=§(ﬂ—_4x)2 4. logy=cx + 2

5. x=caloglZy. y=c-alg(-1 - | X
6.. x=-1— lﬂg~(1—p)+c .=.—_p3.-2p~'—21og'_(1-,p)+c;

3.5 CLﬁAUT’S EQUATION

o _— —
An eation of the form y=px+fip) "

is known £ Iﬁraut s equatmn
lef ntbj'atmg (1) w.r.t. X, we 'g'ét

L)

b .
P=p+r 2+ G or e =0,

Dls:l" g the factor [x+f (p)], we have j: 0

g P=c 1

s p=rcin (1), the reqmred solution 1 lsp =cx +. f(c)

Th he solution of Clairaut’s equat:ﬂn is obtained by ulrmﬁg ¢ for p.

J
!

Exle 1. Solve (y - px) (p= 1) =p. :
SCIE-'\Ei!{,en equation can be written as

P ‘or 'y=lp.r+ P

p-1 o p-1

y—px=

- e .
; ' | &

Tl nf Clalraut S fnrm Hence putting c for p, the solution is y = cx +—
;*- C— 1
N,

the vﬂnadaﬂy differential equations can be reduced to Clairaut’s form byéaultably changing
A . . _J *
| 1 . - -
[ i '!: E o 1 : . . i ’ * .:;1
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